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Abstract
We develop methods for computing the equivariant homotopy set [M˜,SV ]G, where M˜ is a
manifold on which the group G acts freely, and V is a real linear representation of G. Our approach
is based on the idea that an equivariant invariant of M˜ should correspond to a twisted invariant
of the orbit space M/G. We use this method to make certain explicit calculations in the case
dim M˜ = dimV + dimG+ 1.
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1. Introduction
The following notation will be used throughout. Let G be a compact Lie group and
suppose that M˜ is a compact connected manifold on which G acts freely and smoothly
on the left. It is crucial here that the action is assumed to be free. Let M := M˜/G and let
ξ = (M˜,p, M˜/G) be the induced principal G-bundle. We will write SV to denote the one
point compactification of a real G-representation, V . So SV = V ∪ {∞}.
This paper will consider methods of analysing the set of equivariant homotopy classes
of equivariant maps from M˜ to SV , denoted [M˜,SV ]G. If M˜ has nonempty boundary
∂M˜ , then we will consider [(M˜, ∂M˜); (SV ,∞)]G. We shall be particularly concerned with
the differences between the equivariant problem and the corresponding nonequivariant
problem. In [10], Peschke has shown that the classical degree classification of maps from
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a manifold to a sphere may be generalised to the equivariant setting, provided that one
keeps track of the appropriate invariants of the group actions. The methods that we shall
develop cast some new light on Peschke’s results and provide a means of making further
calculations.
As a first example, suppose that M˜ = G×M , or that the action of G on V is trivial.
In either of these cases, it is easy to see that [M˜,SV ]G is isomorphic to the nonequivariant
homotopy set [M,Sd ], where d is the dimension of V . In general, these two sets are
different. However, it is well known that [M˜,SV ]G is isomorphic to the set of homotopy
classes of sections of a certain fibre bundle over M . If we write Γ for this set, then we
may view Γ as a “twisted version” of the set [M,Sd ]. In Section 3 we will show how this
set Γ may be stabilised to yield a twisted version of the stable cohomotopy of M . This
twisted cohomotopy functor may be thought of as a generalised cohomology theory with
twisted coefficients and has properties corresponding to the Eilenberg–Steenrod axioms
for generalised cohomology theories.
Sections 3, 4 and 5 contain the main results of the paper. Here, we use as motivation
the goal of computing [M˜,SV ]G when dim M˜ = dimV + dimG + 1. We call this case
the geometric equivariant 1-stem (for reasons that will become apparent later). In order to
do the computation, we first develop an Atiyah–Hirzebruch type spectral sequence for the
twisted stable cohomotopy functor mentioned above. Applying this spectral sequence to
the geometric one stem, we obtain an exact sequence
Z/2→ [M˜,SV ]
G
H1(M;L),
where L is a certain twisted coefficient system on M . This coefficient system depends, in
a clearly understood way, on three things—the orientation properties of the manifold M ,
the action of G on V , and the action of G on its adjoint representation.
In Section 5, we analyse the map Z/2 → [M˜,SV ]G from the above exact sequence.
We show that this copy of Z/2 corresponds, in a canonical way, to the usual one stem of
the sphere πk+1(Sk), k  3. In this section we also introduce twisted cobordism theory as
a way of understanding the elements of [M˜,SV ]G. This method illustrates the essential
underlying geometry, and it is also in keeping with the theme that an equivariant invariant
of M˜ should correspond to a twisted invariant of the orbit space M .
Finally, in Section 6, we conclude with some explicit computations of the equivariant
homotopy set [(SV+n+1,A); (SV ,∞)]G, where n is the dimension of G. Here, V + n+ 1
means V ⊕Rn+1 and A stands for the subspace of SV+n+1 consisting of the nonfree orbits.
This set arises naturally in conjunction with the equivariant stable 1-stem of the sphere
spectrum (see [3,10,11] for details of this).
We have also included an appendix containing some technical details on equivariant
triangulations that are omitted from the proof of Lemma 6.1 in the main text.
2. Preliminary remarks
One should note the following convention: Throughout this paper, all group actions are
left actions (except in Section 6.1 at the very end of the paper). Thus, for example, if A and
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B are G-sets, then A×G B = A×B/∼, where (a, b)∼ (g.a, g.b) and we write [a, b] to
denote the equivalence class of (a, b) in this context.
The interested reader should consult [7,14] for details on the material in this section.
Our goal here is merely to point out that if one has nice spaces then one can replace an
equivariant problem with corresponding twisted (or fibrewise) problem (see Theorem 2.1
below). In our context, “nice” means compactly generated in the sense of [9]. That is, a
compactly generated space is a weak Hausdorff k-space. Most of the spaces that we will
deal with will be finite complexes or even compact manifolds, so they will certainly be
compactly generated.
Let ξ = (X˜,p,X) be a principal G-bundle and let F be a G-space. Recall that ξ [F ]
denotes the associated fibre bundle, X˜ ×G F →X. There is a one to one correspondence
between sections, s, of ξ [F ] and equivariant maps φ : X˜ → F given by the equation
s(p(x˜)) = [x˜, φ(x˜)] where x˜ ∈ X˜. See [4], for example, for a proof of this elementary
fact.
When X is compactly generated, this bijection is in fact a homeomorphism with respect
to the compact open topologies. We can rephrase this fact in the following way: Let
TX denote the category of spaces over X. The objects of this category are pairs (Z;f )
where f :Z → X. A morphism g : (Z1, f1)→ (Z2, f2) is a map g such that f2g = f1.
The space of morphisms from (Z1, f1)→ (Z2, f2) will be denoted mapX(Z1,Z2). It is
topologised as a subspace of the map(Z1,Z2) with the compact open topology. The set
of homotopy classes of morphisms will be denoted [Z1,Z2]X. We shall also have use
for the category T 2X , whose objects are triples (Z,C;f ) where (Z,C) is a pair of spaces
and f :Z→X. The relative mapping space mapX((Z1,C1); (Z2,C2)) is the subspace of
mapX(Z1,Z2) consisting of those elements that map C1 to C2. The relative homotopy set
[(Z1,C1); (Z2,C2)]X is also defined in the obvious way.
Now, (X, IdX) and (X˜ ×G F,π) (where π is the projection of the fibre bundle ξ [F ])
are objects in TX . One observes that mapX(X, X˜×G F) is the same as Γ (ξ [F ]), the space
of sections of the fibre bundle ξ [F ].
Theorem 2.1. Let X be a compactly generated space. The bijection
h : mapG
(
X˜,F
)→mapX(X,X˜×G F )
is a homeomorphism with respect to the compact open topologies. In particular, h induces
a bijection[
X˜,F
]
G
→ [X,X˜×G F ]X.
We can think of the cofunctors mapX(−, X˜ ×G F), respectively [−, X˜ ×G F ]G, as
twisted versions of the cofunctors map(−,F ), respectively [−,F ]. Thus, Theorem 2.1
recasts the problem of understanding equivariant homotopy classes in terms of “twisted
homotopy theory”. In later sections, we shall further develop this correspondence between
equivariant and twisted phenomena.
Some comment is perhaps required on the use of the word twisted. The reader may ask
why we do not use “fibrewise” instead? A rough guideline is that “twisted” will refer to the
particular situation where the domain fibre bundle has trivial fibre. We think that it is worth
254 J. Cruickshank / Topology and its Applications 129 (2003) 251–271
making the distinction between this situation and the general fibrewise environment as
there are certain instances where the terminology will be clarified as a result. For example,
the twisted Pontryagin–Thom construction (see Section 5.1) is quite different from the
fibrewise construction as presented in [1].
We remark that all of the observations in this section hold true in a relative setting
also. More precisely, let (X˜, A˜) be a pair of free G-spaces such that A˜ is a closed G-
invariant subspace of X˜, and suppose that the projection p : X˜→ X˜/G is a principal G-
bundle. Let X := X˜/G and let A := A˜/G and suppose that X is locally compact. Suppose
that (F,∗) is a based G-space and that G fixes the basepoint. Let (X˜, A˜) ×G (F,∗) :=
(X˜×G F, ((X˜×∗) ∪ (A˜× F))/G). Then there is a homeomorphism of mapping spaces
mapG
((
X˜, A˜
); (F,∗))→mapX((X,A); (X˜, A˜ )×G (F,∗)).
3. Twisted stable cohomotopy
As a rule of thumb, it is generally easier to compute stable objects than the correspond-
ing unstable ones. In this section, we shall describe a stabilisation of the cofunctor [−,F ]B .
Our construction will proceed at a fairly elementary level. The subject of fibrewise stable
homotopy theory appears to be quite a subtle one, and the author certainly does not claim
to present the definitive version. Our goal here is merely to construct an invariant that is
computable in certain cases.
3.1. Spectra over a base space
Let B be a space. A pointed object in TB is a triple (X, τ ;f ) where (X,f ) is an object
in TB and τ :B → X is a section of f . A map of pointed objects is a TB -morphism that
commutes with the sections. Given two such pointed objects (X1, τ1;f1) and (X2, τ2;f2),
we define their smash product as follows:
(X1, τ1;f1)∧B (X2, τ2;f2) := (X1 ∧B X2, τ1 ∧B τ2;f1 ∧B f2).
Here,X1∧B X2 denotes the usual fibrewise smash product (see [1]), while (τ1∧B τ2)(b1)=
[τ1(b), τ2(b)], and (f1 ∧B f2)[x1, x2] = f1(x1)= f2(x2).
Let εB be a trivial vector bundle of rank one over B . Let ε+B denote the fibrewise one
point compactification of this bundle. Let S1B denote the pointed object consisting of the
bundle ε+B , together with the section b → (b,∞) (i.e., the ∞-section of ε+B ).
Definition 3.1. A prespectrum E, over B is a sequence of pointed objects En =
(En, τn;pn), n ∈ Z, in TB , together with structure maps σn :S1B ∧B En→En+1.
Our prespectra over B are stable only with respect to trivial sphere bundles over B , and,
for this reason, might be more accurately referred to as “naive” prespectra, by analogy with
the commonly accepted term “naive G-spectrum” (see [3]). However, since in this paper
we shall have use for no other kind of prespectrum, we shall omit the word “naive” from
our terminology. A spectrum is a prespectrum with the additional property that the adjoints
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of the structure maps are fibrewise homeomorphisms. Of course, we have not said precisely
what is meant by the adjoint of a fibrewise map. This would involve a more detailed study
of fibrewise mapping spaces and fibrewise smash products. However, for our purposes, we
can safely ignore all these issues and just work with prespectra. We also observe that it is
only necessary to define a prespectrum on a cofinal subset of Z—a slight modification is
necessary to the part of the definition concerning the structure maps.
Our main example of a prespectrum over B generalises the classical sphere (pre)spec-
trum, and arises in the following way. Let ζ be a real vector bundle of rank d over B .
We define a twisted sphere spectrum, denoted by Sζ , as follows. For n  d , let Snζ be
the total space of the bundle (ζ ⊕ εn−d )+ (recall that + stands for fibrewise one point
compactification). Let pn :Snζ → B be the bundle projection and let τ∞ :B → Snζ be the∞-section of the bundle. Now (Sζ )n := (Snζ , τ∞,pn). Let σn, the nth structure map, be the
identity map (note that S1B ∧B (ζ ⊕ εn−dB )+B = (ζ ⊕ εn−d+1B )+B ).
3.2. Twisted generalised cohomology theories
In this section we show how prespectra over B give rise to twisted cohomology theories.
Let I denote the unit interval in the real line. We fix a relative fibrewise homeomorphism
(I, ∂I) × B ↔ (ε+,∞) where ∞ denotes the image of the ∞-section of the bundle
ε+. Thus, given an object (X,A;f ) in T 2B we have fixed a canonical fibrewise
relative homeomorphism (I, ∂I) × (X,A)↔ S1B ∧B (X,A). Given a prespectrum E =
{(En, τn,pn): n ∈ Z}, an object (X,A;f ) in T 2B and an integer k, we want to define a
cohomology group Ek(X,A;f ). For any integer l, let
Fkl (X,A;f ) :=
[
(I, ∂I)l × (X,A); (El+k, im(τl+k))]B.
It is clear that structure maps of the prespectrum, together with the fibrewise home-
omorphism (I, ∂I) × (X,A) ↔ S1B ∧B (X,A), induce a morphism Fkl (X,A;f ) →
Fkl+1(X,A;f ). If l  2, this morphism is a homomorphism of abelian groups.
Definition 3.2. Given a prespectrum E over B , and an object (X,A;f ) in T 2B , we define
Ek(X,A;f ) := lim→
{· · ·→Fkl (X,A;f )→Fkl+1(X,A;f )→·· ·}.
We remark that Fkl is in fact a functor from T 2B to the category of abelian groups (at
least for l  2). Moreover, the homomorphisms from the direct limit in the definition above
are in fact natural with respect to morphisms in T 2B . Thus, Ek is also a functor from T 2B to
the category of abelian groups.
In keeping with the traditional notation for stable cohomotopy, we write ωkζ (X,A;f )
for Skζ (X,A;f ), where Sζ is the twisted sphere spectrum defined above. Thus, we think
of ωkζ (X,A;f ) as a twisted version of the classical stable cohomotopy group ωk(X,A).
We remark that, as an immediate consequence of the fibrewise Freudenthal suspension
theorem (see Section 17 in [1]), we have the following:
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Lemma 3.3. If (X,A) is a relative CW-complex, then the canonical stabilisation map[
(X,A); (Skζ ,∞)]B → ωkζ (X,A;f ),
is an isomorphism if dim(X,A) < 2k − 1 and is surjective if dim(X,A) 2k− 1.
The following theorem shows that the functors Ek essentially behave like generalised
cohomology theories with twisted coefficients.
Theorem 3.4. Let E be a prespectrum over B and suppose that pk :Ek →B is a fibration
for all k ∈ Z. Then, the functors Ek from T 2B to the category of abelian groups have thefollowing properties:
(i) Homotopy invariance: If f and g are homotopic morphisms in T 2B , then Ek(f ) =
Ek(g).
(ii) Exactness: There are natural transformations
δ :Ek(A;f )→Ek+1(X,A;f )
such that sequence
Ek(X;f )→Ek(A;f )→Ek+1(X,A;f )→Ek+1(X;f )→Ek+1(A;f )
is exact for all k.
(iii) Excision: Let A1 and A2 be subspaces of X, with interiors A′1 respectively A′2.
Suppose that X =A′1 ∪A′2. Then the excision map,
Ek(X,A2;f )→Ek(A1,A1 ∩A2;f |A1),
is an isomorphism.
(iv) Additivity: Let (X,A;f ) be an object such that X =⋃λ Xλ where each subspace
Xλ contains A and the subspaces Xλ − A are pairwise disjoint. Let fλ denote
the restriction of f to Xλ. Then the homomorphisms induced by the inclusions
(Xλ,A;fλ) ↪→ (X,A;f ) represent Ek(X,A;f ) as a direct product. That is,
Ek(X,A;f )∼=
∏
λ
Ek(Xλ,A;fλ).
(v) Local triviality: Ek(X,A;−) is a functor from the fundamental groupoid,Π1(map(X,
B)), to the category of abelian groups. Moreover, suppose that H : I ×X→ B is a
homotopy with H0 = f and H1 = g, then the diagram
Ek(A;f )
δ
(H |A)∗
Ek(A;g)
δ
Ek+1(X,A;f )
H∗ E
k+1(X,A;g)
commutes.
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Proof. As before, let Fk(X,A;f ) := [(I, ∂I)l×(X,A); (El+k, im(τl+k))]B . The proof ofl
the theorem consists of checking various properties of the unstable functors Fkl , and then
obtaining the required properties of Ek by passing to the direct limit. Clearly, the functor
Fkl is invariant with respect to homotopies of morphisms in T 2B , so property (i) follows
by taking direct limit over l. Properties (iii) and (iv) follow in a similarly straightforward
fashion and we can safely leave the details to the reader.
We shall concentrate on the remaining two items to be checked. First, we look at
exactness (property (ii)). In order to construct the connecting homomorphism δ, we must
construct a morphism δl :Fkl (A;f )→ Fkl (X,A;f ) and then pass to the direct limit. For
the sake of clarity, we shall consider the case l = 0. The details for arbitrary l are essentially
the same. So, let c :A→Ek represent an element of Fk0 (A;f ). Let cˆ denote the following
composite:
(I, ∂I)×A S
1
B∧Bc
S1B ∧B Ek
σk Ek+1.
Certainly, cˆ sends ∂I × A to im(τk+1). That is to say, if t = 0 or 1, then cˆ(t, a) =
τk+1(f (a)). Thus, we can extend cˆ to a fibrewise map c˜ : 0 × X ∪ I × A → Ek+1
by setting c˜(0, x) := τk+1(f (x)). Clearly, c˜ sends 0 × X ∪ ∂I × A to im(τk+1). Now,
pk+1 :Ek+1 →B is a fibration, so by the fibrewise homotopy extension property, c˜ extends
to a fibrewise map c : I ×X→Ek+1. The restriction of c to 1×X sends 1×A to im(τk+1),
so c|1×X represents an element of Fk+10 (X,A;f ). One must check that this element is
independent of the choices made in its construction and we leave this to the reader. Thus
we have a well defined morphism δ0 :Fk0 (A;f )→ Fk+10 (X,A;f ). The morphisms δl ,
l  1 are constructed in a similar fashion, and δ is obtained by passing to the direct limit.
It remains to prove the local triviality property (property (v)). Let H be a homotopy
as in the statement of the theorem. The homotopy lifting property of the map pk :Ek →
B ensures that H induces a morphism H∗,l :Fkl (X,A;f ) → Fkl (X,A;g). Passing
to the limit yields a morphism H∗ :Ek(X,A;f ) → Ek(X,A;g). Once again, it is
straightforward (but tedious) to check that H∗ has all the required functoriality and
naturality properties. ✷
Some remarks on Theorem 3.4 are perhaps in order. Of course, properties (i)–(iv) are
essentially exact analogues of the Eilenberg–Steenrod axioms that characterise generalised
cohomology theories. Thus, if the spectrum E satisfies the conditions of Theorem 3.4,
we shall refer to the functor E∗ as a twisted generalised cohomology theory. The local
triviality property is so named because of the following observation: If f is homotopic to
a constant map cb0 , that sends everything to a fixed point b0 ∈B , then property (v) ensures
that Ek(X,A;f ) is isomorphic Ek(X,A; cb0). Now the functor E∗(−,−; cb0) is just a
generalised cohomology theory in the classical sense.
3.3. The Atiyah–Hirzebruch spectral sequence
In this section we will see that twisted cohomology theories have an Atiyah–Hirzebruch
type spectral sequence. Later, we will apply this spectral sequence to the twisted stable
cohomotopy functor, ω∗ζ , that we introduced in Section 3.2.
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LetE∗ be a twisted generalised cohomology theory as in Theorem 3.4, and let (X,A;f )
be an object in T 2B . The map f :X → B gives rise to a family of local coefficient
systems Lq , q ∈ Z, on X, in the following way: Recall that a local coefficient system
on X is a functor from the fundamental groupoid of X, to the category of abelian
groups. Thus, given x ∈ X, we define Lq(x) = Eq (∗; cf (x)), where cy :∗ → y ∈ B . By
property (v) of Theorem 3.4, Lq does indeed define a functor from Π1(X) to abelian
groups. Recall that in the remarks after Theorem 3.4, we observed that there is a classical
generalised cohomology theory e corresponding to the twisted theory E∗. We remark that
the underlying abelian group of the coefficient system Lq is just eq(∗).
Theorem 3.5. Let (X,A;f ) be an object in T 2B and suppose that (X,A) is a relative
CW-complex. The skeletal filtration of (X,A) induces a cohomological spectral sequence
E(X,A;F) whose E2 page is given by
E
p,q
2 (X,A;f )∼=Hp
(
X,A;Lq),
where H stands for ordinary cellular cohomology (with local coefficients). Moreover, if
(X,A) is finite-dimensional, then this spectral sequence converges to E∗(X,A;f ).
Proof. The proof follows the pattern of the classical untwisted version (see [6]) very
closely so we shall omit many of the routine details. Note that the cellular cochain complex
of (X,A) with coefficients in Lq is
· · ·→Hk(Xk,Xk−1;Lq)→Hk+1(Xk+1,Xk;Lq)→·· · .
The differential is the composition of the canonical mapHk(Xk,Xk−1;Lq)→Hk(Xk;Lq)
with the connecting homomorphism associated to the pair of CW complexes (Xk+1,Xk)
(see Chapter VI of [13] for details). The group Hk(Xk,Xk−1;Lq) can be represented as a
direct product∏
λ∈Λk
Hk(Dk,Sk−1;h∗λLq),
where Λ is an indexing set for the set of k-cells of X and hλ : (Dk,Sk−1)→ (Xk,Xk−1) is
the characteristic map for the λth k-cell.
Now, since Dk is contractible to 0 we can, in a canonical way, find an isomorphism of
h∗λLq to the coefficient system which is constant at h∗λLq (0) = Eq(∗; cf (hλ(0))). The E1
page of the spectral sequence associated to the skeletal filtration of (X,A) is given by
E
p,q
1 =Ep+q
(
Xp,Xp−1;f ).
But Ep+q(Xp,Xp−1;f ) ∼= ∏λ∈Λp Ep+q(Dp,Sp−1;f ◦ hλ) by property (iv) of Theo-
rem 3.4, and using property (v) of Theorem 3.4, we have
Ep+q
(
Dp,Sp−1;f ◦ hλ
)∼=Ep+q(Dp,Sp−1; cf (hλ(0)))∼=Eq(∗; cf (hλ(0)))
where cz denotes the constant map at z. The right hand isomorphism in the above sequence
is the suspension isomorphism. Thus we need only check that the differential of the spectral
sequence corresponds to the differential of the cellular chain complex. This may be safely
left to the reader, as it follows closely the pattern of the untwisted case. The convergence
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of the spectral sequence when (X,A) is finite-dimensional follows from the fact that the
associated filtration of E∗(X,A;f ) is finite in this case. ✷
4. The twisted stable 1-stem
We shall consider the following problem: Let M˜ be a smooth compact connected
manifold on whichG acts freely. Let V be a real linear representation of dimension d . What
can we say about [(M˜, ∂M˜); (SV ,∞)]G? Recall that ξ denotes the principal G-bundle
M˜ →M := M˜/G, and that Sdξ [V ] is the total space of ξ [V ]+. As observed in Section 2,
we can consider the twisted cohomotopy set [(M,∂M); (Sdξ [V ],∞)]M instead of the above
equivariant homotopy set. Also, as a consequence of Lemma 3.3, if m := dimM < 2d − 1,
then [
(M,∂M); (Sdξ [V ],∞)]M ∼= ωdξ [V ](M,∂M; IdM).
The prespectrum Sξ [V ] satisfies the hypothesis of Theorem 3.4, so all the machinery that
we developed in Sections 3.2 and 3.3 applies to the functor ωξ [V ]. In this section, we will
use the Atiyah–Hirzebruch spectral sequence to analyse the group ωdξ [V ](M,∂M; IdM) in
the case where d =m− 1. This case is the twisted stable 1-stem referred to in the section
title.
Certainly, (M,∂M) has a finite CW decomposition, so by Theorem 3.5, we have a
spectral sequence E, converging to ωdξ [V ](M,∂M; IdM), whose E2 page is given by
E
p,q
2
∼=Hp(M,∂M;Lq).
Here, Lq is a coefficient system on M whose underlying abelian group is isomorphic to
ω˜q(S0) (i.e., the q th stable cohomotopy group of the sphere S0). Let m= dimM . Clearly,
this spectral sequence vanishes for p >m and for q > 0 (since ω˜q(S0) is trivial if q > 0).
As particular consequences of these observations, we have the following:
Lemma 4.1. There is an isomorphism
ωmξ [V ](M,∂M; IdM)∼=Hm
(
M,∂M;L0).
Lemma 4.2. There is an exact sequence
Hm(M,∂M;L−1)→ ωm−1ξ [V ] (M,∂M; IdM)→Hm−1(M,∂M;L0)→ 0.
We shall not have further use for Lemma 4.1. However, it is worth remarking that one
can recover some of the results in [10], on equivariant degree theory, from the isomorphism
in Lemma 4.1. We shall concentrate on the consequences of the exact sequence in
Lemma 4.2. Our goal is to identify the two ordinary cohomology groups that occur in
the exact sequence.
First, consider the group Hm(M,∂M;L−1). The coefficient system L−1 has un-
derlying abelian group Z/2. Since M is connected, we can immediately deduce that
Hm(M,∂M;L−1) ∼= Z/2. The analysis of Hm−1(M,∂M;L0) is slightly more involved.
Let Θ be the orientation bundle of M . We may view Θ as a coefficient system on M (see
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Chapter VI of [13]). So, for x ∈M , Θ(x)=Hm(M,M− x;Z). Poincaré duality says that,
for any coefficient system L on M , there is an isomorphism
Hm−p(M,∂M;L)∼=Hp(M;L⊗Θ).
The interested reader can consult [12] for a thorough account of Poincaré duality.
Combining these observations with Lemma 4.2, we obtain:
Lemma 4.3. There is an exact sequence
Z/2→ ωm−1ξ [V ] (M,∂M; IdM)→H1
(
M;L0 ⊗Θ)→ 0.
5. Twisted framed cobordism
Our motivation in this section is to gain a better understanding of the homomorphism
Z/2 → ωm−1ξ [V ] (M,∂M; IdM) from Lemma 4.3. We shall use this objective as a jumping
off point to introduce another “twisted” invariant, namely twisted framed cobordism. Our
basic idea is to gain some geometric understanding of the elements of ωm−1ξ [V ] (M,∂M; IdM)
in the same way that classical framed cobordism theory provides a geometric context for
(untwisted) cohomotopy theory.
As above, suppose that M is a smooth compact connected manifold of dimension m,
with boundary ∂M . If N is a submanifold of M , then νM(N) will denote the normal
bundle of N in M . Suppose that ζ is a smooth vector bundle of rank d over M . A ζ -
framed submanifold of M is a pair (N,φ), where N is a smoothly imbedded boundaryless
submanifold of M and φ is a smooth bundle isomorphism from νM(N) to ζ |N . Note that
the dimension ofN is necessarilym−d . Let pr : I×M→M be the projection. We can pull
ζ back along this projection map to obtain the bundle pr∗ ζ over I ×M . Given (N1, φ1)
and (N2, φ2), ζ -framed submanifolds of M , we say that they are ζ -framed cobordant if
the following is true: There exists a smoothly imbedded submanifold W ⊂ I ×M and
a smooth bundle isomorphism Φ : νI×M(W)→ pr∗ ζ |W such that, ∂W =W ∩ (∂I ×M),
W ∩(0×M)= 0×N1 andW ∩(1×M)= 1×N2. Moreover, we require thatΦ|0×N1 = φ1
and Φ|1×N2 = φ2. One can check that ζ -framed cobordism is an equivalence relation.
Definition 5.1. We define Ωdζ (M,∂M) to be the set of ζ -framed cobordism classes of
ζ -framed submanifolds of M .
Clearly, when ζ is a trivial bundle of rank d ,Ωdζ (M,∂M) is isomorphic to Ωd(M,∂M),
the set of framed cobordism classes of (m − d)-dimensional submanifolds of M . It
is a well-known fact that Ωd(M,∂M) ∼= [(M,∂M); (Sd,∞)], so we expect a similar
isomorphism in the twisted setting. Recall (see Section 3.1) that Sdζ is the total space of
the ζ+ (the fibrewise one point compactification of ζ ) and that we write ∞ for the image
of the ∞-section, τ∞, of ζ+.
Lemma 5.2. Let ζ be a smooth vector bundle of rank d over M . Then
Ωdζ (M,∂M)
∼= [(M,∂M); (Sdζ ,∞)]M.
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Proof. The proof is completely analogous to that of the untwisted version mentioned
above. Given an element [f ] ∈ [(M,∂M); (Sdζ ,∞)]M one may assume that f is smooth
and transverse to the 0-section of ζ+. Thus N := f−1(0) is a submanifold of M and
the derivative of f induces a ζ -framing of N . Conversely, given (N,φ), a ζ -framed
submanifold of M , one constructs a map f ∈ mapM((M,∂M); (Sdζ ,∞)) using a twisted
version of the Pontryagin–Thom construction that we describe in Section 5.1 below. It
remains to check that these two constructions provide the required bijection. This is simply
a matter of modifying the untwisted argument appropriately. ✷
We can use this lemma to identify the image of the homomorphism Z/2 →
ωm−1ξ [V ] (M,∂M; IdM) from Lemma 4.3. Let U be a (closed) disc neighbourhood in M , with
interior U . The inclusion i : (M,∂M)→ (M,M −U) induces a map
i∗ :ωm−1ξ [V ] (M,M −U ; IdM)→ ωm−1ξ [V ] (M,∂M; IdM).
Now ωm−1ξ [V ] (M,M − U ; IdM) ∼= ωm−1ξ [V ] (U, ∂U ;f ), where f :U → M is the inclusion.
Moreover, since U is contractible, f is homotopic to a constant map c. Thus,
ωm−1ξ [V ] (M,M −U ;f )∼= ωm−1ξ [V ]
(
U,∂U ; c)∼= ωm−1(U,∂U)∼= Z/2.
Lemma 5.3. The following diagram commutes:
ωm−1ξ [V ] (M,M −U ;f ) i
∗
∼=
ωm−1ξ [V ] (M,∂M; IdM)
Z/2
j
where j is the homomorphism from Lemma 4.3.
Proof. We can give M a CW decomposition so that M − U is a subcomplex of M .
Then the inclusion (M,∂M) ⊂ (M,M − U) induces a morphism of spectral sequences
E(M,M − U ;f ) → E(M,∂M; IdM) and this in turn induces a morphism of exact
sequences
Hm(M,∂M;L−1) j ωm−1ξ [V ] (M,∂M; IdM) Hm−1(M,∂M;L0)
Hm(M,M −U ;L−1)
k
∼=
ωm−1ξ [V ] (M,M −U ;f )
i∗
Hm−1(M,M −U ;L0)
Now k is the composition Em−1,02 → Em−1,0∞ → ωm−1ξ [V ] (M,M − U ;f ) associated to the
spectral sequence E(M,M −U ;f ). If we examine the E2 page of this spectral sequence,
we see that Em−1,02 = Em−2,02 = 0. Thus k is an isomorphism. The lemma follows
immediately from this. ✷
Now, as we have already remarked, the groupωm−1ξ [V ] (M,M−U ;f ) is in fact isomorphic
to ωm−1(U, ∂U) ∼= πm(Sm−1) if m  4. Thus, assuming that m  4, any construction of
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the nontrivial element of πm(Sm−1) will yield a construction of the image under j of the
nontrivial element of Z/2. For example, let N0 be a 1-dimensional submanifold ofU that is
diffeomorphic to S1. Now U is contractible, so ξ [V ]|U is isomorphic to the trivial bundle
εm−1 :U × Rm−1 → U . Thus, ξ [V ]-framings of the normal bundle of N0 correspond to
ordinary framings of the normal bundle of N0 and
Ωm−1ξ [V ]
(
U,∂U
)∼=Ωm−1
εm−1
(
U,∂U
)∼= [(U,∂U); (Sm−1,∞)]∼= Z/2.
So, let φ0 be the ξ [V ]-framing ofN0 such that (N0, φ0) represents the nontrivial element of
Ωm−1ξ [V ] (U, ∂U). Clearly, (N0, φ0) represents an element of Ω
m−1
ξ [V ] (M,∂M). We can apply
the Pontryagin–Thom construction (described in Section 5.1 below) to (N0, φ0) to obtain
f0 ∈mapM((M,∂M); (Sm−1ξ [V ] ,∞)). Then [f0] ∈ ωm−1ξ [V ] (M,∂M; IdM) represents the image
of the nontrivial element of Z/2, under the homomorphism j .
It is worth pointing out that the element [f0] can be trivial. In fact, this is even possible
in the untwisted case as the following example demonstrates: Let ζ be a nontrivial real
vector bundle of rank 3 over S2 and let M be the total space of the fibrewise one point
compactification ζ+. M is a simply connected 5-dimensional manifold. By Lemma 3.3
and Lemma 4.3, we see that [M,S4] ∼= ω4(M) ∼= 0 or Z/2. We can identify S2 with the
0-section of the bundle ζ+. Let N be the equator of S2. Now N is the boundary of S2+,
the northern hemisphere of S2 and this fact gives rise to a framing of νM(N). However,
N is also the boundary of the southern hemisphere, S2−. This gives rise to another framing
of νM(N) and the nontriviality of the bundle ζ implies that these two framings of νM(N)
must homotopically distinct. A little further reflection will convince the reader that this in
fact means that [M,S4] ∼= 0.
5.1. The Pontryagin–Thom construction
We will describe the twisted Pontryagin–Thom construction that was referred to in
the proof of Lemma 5.2. We remark that this is different from the fibrewise construction
described, for example, in [1]. The fibrewise version is concerned with fibrewise framed
submanifolds of a fibrewise manifold over some base space. We, on the other hand are
considering the situation where the base space is the manifold and we have a ζ -framing of
some submanifold.
Let (N,φ) be a ζ -framed submanifold of M . We must construct a corresponding map
f :M→ Sdζ that is a section of the bundle ζ+. Suppose that we fix a tubular neighbourhood
U of the submanifoldN . Thus, we can identify U with the total space of the normal bundle
νM(N). Let q :U → N be the bundle projection of this normal bundle. Let E denote the
total space of the bundle ζ and let p be the bundle projection. Let E|N , respectively E|U ,
be the total spaces of the bundles ζ |N , respectively ζ |U . We have a homeomorphism (over
N ) φ :U → E|N and we can use this to identify E|U with E|N ⊕N E|N as follows: The
bundle projection q :U →N is a homotopy equivalence, so there is a unique (up to vertical
homotopy) bundle map
E|U h E|N
U N
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such that h is a linear isomorphism when restricted to fibres over U . Now, Consider the
commutative solid diagram
E|U
h
γ
p
U
φ
E|N ⊕N E|N β
α
E|N
p
E|N p N
where α and β are the projections onto the first and second summands respectively. The
bottom right square of this diagram is a pullback square, so we obtain a map γ :E|U →
E|N ⊕N E|N . Clearly, γ is a bundle morphism that covers the homeomorphism φ :U →
E|N , so in order to check that γ is a homeomorphism, we need only check that kerγ = 0.
This follows immediately from the fact that h is a linear isomorphism on fibres over U .
Now, one can construct the required map f :M→ Sdζ in the following way: If m /∈U , then
let f (m) := τ∞(m) and if m ∈ U , let f (m) := γ−1∆φ(m), where∆ :E|N →E|N⊕N E|N
is the diagonal map (i.e., ∆(v)= (v, v)). The following calculation shows that pf = IdM .
For m ∈U
pf (m)= pγ−1∆φ(m)= φ−1α∆φ(m)= φ−1IdE|N φ(m)=m.
Also, it is clear from the construction that f |U is a proper map, so f is continuous. One
can check that the fibrewise homotopy class of the map f is independent of the choices
made in the construction.
5.2. Equivariant framed cobordism
We conclude this section with some remarks concerning the relationship between the
twisted framed cobordism of M from Definition 5.1 and the equivariant framed cobordism
of M˜ . For more details on equivariant cobordism, the reader is referred to Chapter XV of
[8].
If V is a representation of G and X˜ is anyG-space, then let εVX denote the G-equivariant
vector bundle X˜ × V → X˜. A V -framed submanifold of M˜ is a pair (N˜, φ˜), where N˜ is
a smoothly imbedded boundaryless G-invariant submanifold of M˜ and φ : νM˜(N˜)→ εVN
is an equivariant bundle isomorphism. We define V -framed cobordisms of such pairs in
the obvious way (compare with Definition 5.1) and Let ΩVG(M˜, ∂M˜) denote the set of
V -framed cobordism classes of V -framed submanifolds of M˜ . Our goal in this section to
show that the ξ [V ]-framed cobordism of M is the twisted invariant of M that corresponds
the V -framed cobordism of M˜ . That is the content of the following lemma and corollary.
Lemma 5.4. Let ζ˜ = (E˜, p˜, M˜) be an equivariant vector bundle over M˜ and let ζ =
(E˜/G, p˜/G,M˜/G) =: (E,p,M). Then there is a canonical one to one correspondence
between the set of equivariant vector bundle isomorphisms from εV
M˜
to ζ˜ , and the set of
vector bundle isomorphisms from the bundle ξ [V ] to ζ , where ξ is the principal bundle
M˜→M .
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Proof. It is quite clear that given an equivariant bundle isomorphism h˜ : εV → ζ˜ , that
M˜
this will factor to a bundle isomorphism h : ξ [V ] → ζ . Conversely, suppose we are given
h : ξ [V ]→ ζ we can construct the corresponding h˜ using the pullback property of the lower
right hand square of the following commutative diagram.
M˜ × V
h˜
M˜ ×G V
h
E˜ E
M˜ M
It is a simple matter to verify that h˜ must be equivariant. ✷
Corollary 5.5. Let M˜ , M , ξ and V be as above. Then
ΩVG
(
M˜, ∂M˜
)∼=Ωdξ [V ](M,∂M).
Proof. The lemma guarantees a correspondence between V -framings of submanifolds of
M˜ , and ξ [V ]-framings of submanifolds of M . ✷
Of course Corollary 5.5 is just a special case of Theorem 2.1, restated in the language of
cobordism. But in the spirit of the rest of the paper, we felt that it was worthwhile exhibiting
explicitly, once again, the correspondence between twisted and equivariant phenomena in
this context.
Also, Corollary 5.5 provides us with another way to understand the twisted Pontryagin–
Thom construction. If (N,φ) is a ξ [V ]-framed submanifold of M , let (N˜, φ˜) be the
correspondingV -framed submanifold of M˜ . Now, applying the classical Pontryagin–Thom
construction to (N˜, φ˜) yields an equivariant map f˜ : (M˜, ∂M˜) → (SV ,∞). Clearly, f˜
induces a fibrewise map f : (M,∂M)→ M˜ ×G (SV ,∞). This map f is the same (up
to homotopy) as the map resulting from the twisted Pontryagin–Thom construction of
Section 5.1.
6. Some equivariant computations
In this section, we will conclude the paper with some explicit computations of
equivariant homotopy sets (as promised in the introduction). Throughout this section, if
W is any representation of G, then we will write A for the space of nonfree orbits of
SW . Also, throughout this section we will write k to indicate the trivial k-dimensional real
representation of G, where k is some nonnegative integer. Thus, for example, V + n+ 1
stands for the representation V ⊕Rn+1 with G acting trivially on the second summand.
Let V be a representation of G of dimension d . We will apply the theory developed in
the preceding sections to the equivariant homotopy set[(
SV+n+1,A
); (SV ,∞)]
G
,
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where n = dimG. As we mentioned in the introduction, there is a natural map
[(SV+n+1,A); (SV ,∞)]G → ω˜G1 (S0) that is a monomorphism for “large” V . For details
of this, see [3,10,11].
The following technical lemma and corollary reduce the problem to one involving a free
G-manifold. The proof of the lemma relies on the theory of equivariant triangulations of
G-manifolds. For the appropriate background on this topic the reader is referred to [5].
Lemma 6.1. If W is a real representation of G with at least one free orbit, then there exists
U , a G-invariant open neighbourhood of A in SW , with the following properties.
(1) The inclusion of pairs (SW ,A) ↪→ (SW ,U) is an G-equivariant homotopy equiva-
lence.
(2) M˜ := SW −U is a smooth G-submanifold of SW with boundary ∂M˜ = M˜ ∩U .
Here, U denotes the closure of U in SW .
Proof. From [5], we know that the compact G-manifold SW can be equivariantly
triangulated. Thus, we can find a homeomorphism h :L→ SW/G where L is a finite
simplicial complex and h has the equivariant lifting property. In particular, this means that
there is a subcomplex K ⊂ L such that h(K)=A/G. Intuitively, we use this triangulation
to find a “regular” neighbourhood of A that has the required properties. More precisely,
let t be an n-simplex in L and suppose that s is an m-simplex in t ∩ K (m  n). Let
n := {(x0, . . . , xn) ∈Rn+1: xi  0,∑xi = 1} be the standard n-simplex. We can identify
m with the space {(x0, . . . , xm,0, . . . ,0) ∈ n}, and we can fix a linear isomorphism
α :n→ t so that α(m)= s. Let
Om :=
{
(x0, . . . , xn) ∈n: x0 + x1 + · · · + xm > 12
}
and let Os,t := α(Om). If s = t , let Os,t := s. Now, observe that Os,t is an open
neighbourhood of s in t . For each simplex s in L, let Os :=⋃t⊃s Os,t where the union
is taken over all simplices of L that contain s and let O := ⋃s∈LOs . Finally, let U
be the preimage of O under the quotient map SW → SW/G. We must check that U
has the required properties. This involves some straightforward but relatively lengthy
manipulations with triangulations and simplices, so in the hope of maintaining continuity,
we relegate the details to Appendix A. ✷
The particular case of Lemma 6.1 whereG= SO2 andW is the canonical 2-dimensional
real representation of SO2 is illustrated in Fig. 1. In this case, SW is a copy of the 2-sphere
and A is the set consisting of the north and south poles (labelled n and s respectively).
The shaded areas (the polar ice caps) represent U . One might also observe that in this case
the manifold SW has an equivariant triangulation (in the sense of Illman) consisting of two
1-simplices, namely the northern and southern hemispheres, and three 0-simplices, namely
the north and south poles and the equator.
Corollary 6.2. Let W and M˜ be as in Lemma 6.1 and let (F,∗) be a based G-space. Then
[(SW ,A); (F,∗)]G ∼= [(M˜, ∂M˜); (F,∗)]G.
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represents U .
Proof. The inclusion (SW ,A) ↪→ (SW ,U) is a G-equivariant homotopy equivalence
and thus induces a bijection [(SW ,U); (F,∗)]G → [(SW ,A); (F,∗)]G. But it is also
clear that the inclusion (M˜, ∂M˜) ↪→ (SW ,U) induces a bijection [(SW ,U); (F,∗)]G →
[(M˜, ∂M˜); (F,∗)]G. ✷
Now, we will apply Corollary 6.2 in the case W = V + n+ 1 where n is the dimension
of the group G and V is a real G-representation of dimension d . Let M˜ be the manifold
contained within V + n + 1 whose existence is asserted by Lemma 6.1 and let ξ be the
principal bundle M˜→M =: M˜/G. Combining Corollary 6.2 and Theorem 2.1 we obtain
a bijection[(
SV+n+1,A
); (SV ,∞)]
G
∼= [(M,∂M); (Sdξ [V ],∞)]M.
Now, let m := dimM and observe thatm= d+1. If m 4, then by Lemma 3.3 (essentially
by the fibrewise Freudenthal suspension theorem),[
(M,∂M); (Sm−1ξ [V ] ,∞)]M ∼= ωm−1ξ [V ] (M,∂M; IdM).
Now, combining these observations with Lemma 4.3, we obtain an exact sequence
Z/2→ [(SV+n+1,A); (SV ,∞)]
G
H1
(
M;L0 ⊗Θ), (1)
where L0 is the coefficient system on M induced by the map IdM (as described in
Section 3.3) and Θ is the orientation bundle of the manifold M .
Now, we fix a basepoint m0 of M . Note that if J is any coefficient system on M , then
J is determined by a homomorphism π1(M,m0)→Aut(J (m0)) (since M is connected).
We will denote the kernel of this homomorphism by KJ , and its abelianisation by KabJ .
We shall use the following lemma to compute the homology group H1(M;L0 ⊗Θ).
Lemma 6.3. If J (m0)∼= Z, then there is an isomorphism
H1(M;J )∼=KabJ /R,
where R is the subgroup of KabJ generated by the set {a2: a ∈ π1(M)−KJ }.
We will defer the proof of this result to the end of the section. ✷
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Let G0 be the connected component of the identity element of G. Let Ad(G) denote the
adjoint representation of G. We will now see that, if M˜ is simply connected, then KL0⊗Θ
can be identified with a certain subgroup of G/G0.
Lemma 6.4. If the space of free orbits of V is simply connected, then π1(M) ∼= G/G0.
Moreover, under this identification, KΘ is the subgroup of G/G0 that consists of the
elements which either preserve orientation on both V and Ad(G), or reverse orientation
on both V and Ad(G).
Proof. The isomorphism π1(M,m0) ∼= G/G0 follows immediately from the long exact
sequence of homotopy groups induced by the fibration G→ M˜→M . We observe that the
isomorphism can be described as follows: Given a path α : (I, ∂I)→ (M,m0), we can lift
α to a path α˜ : I → M˜ such that α(1)= g.α(0) for some g ∈G. Then gG0 is the element
of G/G0 corresponding to [α] ∈ π1(M.m0). Now, it is shown in [10] that [α] ∈KΘ if and
only if g either preserves orientation on both M and Ad(G), or reverses orientation on both
M and Ad(G). ✷
Lemma 6.5. With the same hypothesis and notation as Lemma 6.4, KL0 is the subgroup of
G/G0 that acts by orientation preserving maps on V .
Proof. Let α : (I, ∂I)→ (M,m0) and let gG0 be the corresponding element of G/G0
(as above). Recall that L0(m) := ω0ξ [V ](∗; cm), where c :∗ → m. So it is clear that α
acts trivially on L0(m0) precisely when α preserves orientation on the bundle ξ [V ]. This
happens if and only if g preserves orientation on V . ✷
Lemma 6.6. With the same hypothesis and notation as Lemma 6.4, KL0⊗Θ is the subgroup
of G/G0 consisting of elements which preserve orientation on Ad(G).
Proof. The group KL0⊗Θ consists of those elements of G/G0(= π1(M)) that preserve
orientation on (L0⊗Θ)(m0)= L0(m0)⊗Θ(m0). Thus gG0 ∈KL0⊗Θ if either g preserves
orientation on both of L0(m0) and Θ(m0), or g reverses orientation on both of L0(m0) and
Θ(m0). Thus,
KL0⊗Θ = (KL0 ∩KΘ) ∪
(
(G/G0 −KL0)∩ (G/G0 −KΘ)
)
.
The result now follows immediately from Lemmas 6.4 and 6.5. ✷
Theorem 6.7. Let G be a compact Lie group of dimension n. Let V be a G representation.
Suppose that dimV  3 and that SV − A is simply connected. Then there is an exact
sequence
Z/2→ [(SV+n+1,A); (SV ,∞)]
G
H,
where H is the subquotient of G/G0 defined as follows: Let K be the subgroup of G/G0
that preserves orientation on Ad(G). Then
H :=Kab/〈a2: a ∈G/G0 −K 〉.
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Proof. This follows immediately from Lemmas 6.6, 6.3 and the exact sequence (1). ✷
6.1. Proof of Lemma 6.3
We remark that since Lemma 6.3 is only concerned with the first homology group
of a connected manifold M , it may be rephrased as a result concerning the group
theoretic homology of the fundamental group of M . Thus, in the following, H1 stands
for group theoretic homology. One can easily see that Corollary 6.9 below is equivalent to
Lemma 6.3.
Lemma 6.8. Let W be a group and let I be the augmentation ideal of the integral group
ring Z[W ]. Suppose that L is a (left) W -module. Then H1(W ;L) is isomorphic to the
kernel of the multiplication map I ⊗W L→ L.
Proof. Let Z denote the integers with trivial right W action. There is a short exact
sequence of right W -modules I  Z[W ] Z. Tensoring this with L yields an exact
sequence
TorW
(
Z[W ],L)→ TorW(Z,L)→ I ⊗W L→ LZ ⊗W L.
Now, TorW(Z[W ],L) = 0 and H1(W ;L)∼= TorW(Z,L), so Lemma 6.8 follows immedi-
ately. ✷
Corollary 6.9. Suppose that the underlying abelian group of L is isomorphic to Z and let
K be the subgroup of W that acts trivially on L. Then
H1(W ;L)∼=Kab/
〈
a2: a ∈W −K 〉.
Proof. If K =W , then this is immediate from the standard Hurewicz theorem. Suppose
that [W : K] = 2. Let e denote the identity element of W and let 1 be a generator of L.
Observe that I ⊗Z L is a free abelian group with basis {(e−w)⊗1: w ∈W, w  = e}. Now
I ⊗W L is a quotient of I ⊗Z L. Moreover, the kernel of the quotient homomorphism
is generated by the set {(e − wk) ⊗ 1 − (e − w) ⊗ 1 − (e − k) ⊗ 1: w ∈ W, k ∈
K} ∪ {(e−wy)⊗ 1− (e− y)⊗ 1+ (e−w)⊗ 1: w ∈W, y ∈W −K}. Thus, if F is the
free abelian group on the set of symbols {w: w ∈W }, there is a surjective homomorphism
ρ :F → I ⊗W L that sends w → (e − w) ⊗ 1. The kernel of ρ is generated by the set
R := {wk −w− k: w ∈W, k ∈K} ∪ {wy − y +w: w ∈W, y ∈W −K}. That is,〈{w: w ∈W }|R〉 (2)
is an abelian group presentation of I ⊗W L. Now, fix some element z ∈W −K . For any
k ∈ K, k  = e, we have a relator zk − z + k in the presentation (2). Thus, by applying a
series of Tietze transformations to (2), we see that〈{
k: k ∈K}∪ {z}|{k1k2 − k1 − k2: k1, k2 ∈K}∪ {y2: y ∈W −K}〉
is also an abelian group presentation of I ⊗W L. Now, under this identification, the
multiplication map I ⊗W L→ L sends k → 0 and z → 2. It is clear now that the kernel of
this map can be described as claimed. ✷
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We remark that is not hard to prove Lemma 6.3 by a direct argument at the singular
chain level.
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Appendix A. Proof of Lemma 6.1
The purpose of this appendix is to provide the details that were omitted from the proof of
Lemma 6.1 that was given in the main text. That is, we must show that the neighbourhood
U has properties (1) and (2) as in the statement of the lemma.
Let n := {(x0, . . . , xn) ∈ Rn+1: xi  0, ∑xi = 1} be the standard n-simplex. For
x = (x0, . . . , xn) ∈ n and m n, define |x|m := x0 + · · · + xm. Now for all x ∈ n such
that |x|m  = 0 define (m)x ∈ n by
(m)x := 1|x|m (x0, . . . , xm,0, . . . ,0).
Similarly, for all x ∈ n such that |x|m  = 1 define x(m) ∈n by
x(m) := 1
1− |x|m (0, . . . ,0, xm+1, . . . , xn).
We observe that if 0 < |x|m < 1, then the points (m)x, x and x(m) are collinear, since
x = (|x|m)(m)x + (1− |x|m)x(m). We can identify m with the space {x ∈ n: |x|m = 1}.
Let Om := {x ∈n: |x|m > 1/2}. Thus, there is an inclusion of pairs
im : (n,m) ↪→
(n,Om)
where Om is the closure of Om in n.
Lemma A.1. Let gm : (n,Om)→ (n,m) be given by
gm(x) :=


x if |x|m = 0,
(2|x|m)(m)x + (1− 2|x|m)x(m) if 0 < |x|m < 12 ,
(m)x if |x|m  12 .
Then gm and im are mutually inverse homotopy equivalences.
Proof. The required homotopy H : [0,1] × n→n is given by
Hm(t,x) :=


x if |x|m = 0,( 2
2−t |x|m
)(m)
x + (1− 22−t |x|m)x(m) if 0 < |x|m < 1− t2 ,
(m)x if |x|m  1− t2 .
Observe that Hm(t,x)= x for all x ∈m. ✷
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Now, using the same notation as in the proof of Lemma 6.1, we have a homeomorphism
ft :n → t that maps m to s. Define gs,t : (t,Os,t)→ (t, s) to be ft ◦ gm ◦ f−1t and
Hs,t : [0,1] × t→ t to be ft ◦Hm ◦ (Id[0,1] × f−1t ).
Next, we observe that, as a consequence of the definition of an equivariant triangulation
(Definition 2.5 of [5]), if t is any n-simplex of L, then t ∩K consists of a single m-simplex
for some m n. Thus we can attempt to piece together all the maps gs,t : (t,Os,t)→ (t, s)
where s = t ∩K to obtain a single map g : (L,O)→ (L,K). If s = t ∩K is empty, then we
let gs,t : t → t be the identity map. We need only check that if t1 and t2 are simplices of L
with si := ti ∩K , then the maps gs1,t1 and gs2,t2 agree on t1∩ t2. This is left to the reader to
verify. Similarly, the homotopies {Hs,t : t ⊂ L, s = t ∩K} can be pieced together to obtain
a homotopy H : [0,1] × L→ L which shows that g is in fact a homotopy equivalence of
pairs.
Of course, to prove that U has property (1) from Lemma 6.1 we must show that g,
respectively H , can be lifted to equivariant maps g˜ : (SW ,U)→ (SW ,A), respectively
H˜ : [0,1]× (SW,U)→ (SW ,A). Again, we can construct these lifts one simplex at a time.
Let n(G;K0, . . . ,Kn) denote the standard equivariant n-simplex of type (K0, . . . ,Kn)
(see [5] for the appropriate definition). Let B be the subspace of n(G;K0, . . . ,Kn)
consisting of the nonfree orbits. If π :n(G;K0, . . . ,Kn)→n is the quotient map, then
π(B)=m for some m n. It is now easy to see that the maps gm and Hm can be lifted to
equivariant maps g˜m : (n(G;K0, . . . ,Kn),π−1(Om))→ (n(G;K0, . . . ,Kn),B) and
H˜m : [0,1] × n(G;K0, . . . ,Kn)→n(G;K0, . . . ,Kn) as required.
To see that U has property (2) from Lemma 6.1 we observe that, by Chapter I of [3],
SW −A is an open dense subset of SW . Thus SW −A is a G-invariant submanifold of SW .
Let M˜ := SW − U and suppose that m ∈M ∩ U . Clearly m /∈ A, so m has a G-invariant
open neighbourhood N together with an equivariant diffeomorphism ψ :N → G × Rk .
Moreover, it is clear from the construction of U that we can choose ψ so that N ∩ M˜ =
ψ−1(G× (Rk−1 ×R0)) as required.
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